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Abstract—We use the Comninou model of the interface crack to illustrate a method of solving a
class of integral equations containing a small parameter. We need to know the inverse of the integral
equation when this small parameter is set equal to zero. This inverse, when applied to the original
integral equation, leads to an expression for the unknown which is an asymptotic series in the small
parameter, provided the field point x is outside the boundary layer. Next we need to know the
inverse of an integral equation which models the given integral equation for points x in the boundary
layer. When this inverse is applied to the original integral equation, one obtains an expression for
the unknown which is an asymptotic series in the small parameter, provided the field point x is
inside the boundary layer. This solution and the former solution are often referred to as the inner
and outer solutions, respectively. They each contain unknown constants. These constants are
determined by matching the inner and outer solutions on an overlap region where both solutions
are valid. A uniform expression for the solution is obtained by adding the inner and outer solutions
and subtracting off the matching terms.

1. INTRODUCTION

We describe a physical approach to finding the asymptotic solutions to some integral
equations occurring in solid mechanics. These equations should have a small parameter
and a boundary layer. We need to know the inverse of the problem when the small parameter
is zero. Usually, this problem has some physical significance. We then extend the given
integral equation to this case by adding an unknown forcing function. When this problem
is inverted, the inverse operating on the unknown forcing function turns out to be separable
away from the boundary layer. This leads to an outer solution of the form ¥°(x)+
XX faps(x), where ¥°(x) and 4 (x) are known functions and f7 are unknown constants.
These constants are functionals of the unknown forcing function. The series for the outer
solution is asymptotic with respect to the small parameter.

Next we need to find the solution valid in a neighborhood of the boundary layer. We
assume that we can extend the integral by adding an unknown forcing function in such a
way that the inverse is known and the resulting solution is valid in the boundary layer.
Usually, this can be done in a manner similar to that for the outer solution. Again the
inverse operating on the unknown forcing function should be separable in the boundary
layer. This leads to an inner solution of the form y'(x) +XZ_ , 1. (x), where ¥'(x) and
¥ (x) are known functions and /% are unknown constants. Again, the series is asymptotic
with respect to the small parameter.

The unknown constants are determined by matching the inner and outer solutions on
an overlap region. A uniform solution is then obtained by adding the inner and outer
solutions and subtracting off the matching terms.

We illustrate this approach by solving the integral equations corresponding to the
Comninou (1977, 1978) model of the interface crack. In this problem the small parameter
is the extent of the left contact zone. The integral equation for the outer solution is obtained
by setting the extent of this contact zone equal to zero. The equality of the integral equation
is preserved by adding the unknown normal traction in this contact zone to the forcing
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Fig. 1. The interface crack.

function. This integral equation has been solved by Dundurs and Gautesen (1988). Physi-
cally, we expect that away from the boundary layer the effect of the normal traction in the
left contact zone on the outer solution is small.

To obtain an integral equation governing the inner solution we set the extent of the
right contact zone equal to zero and preserve the equality by adding the unknown normal
traction in this contact zone to the forcing function. As this integral equation is analogous
to the integral equation governing the outer solution, its inverse is known. In this case, we
expect the normal traction in the right contact zone to have an O(1) effect on the inner
solution in the boundary. However, except for its magnitude, we expect that the functional
form of this effect is known.

In this problem, the series which appear in the inner and outer solutions converge
uniformly. Also, in this problem we must determine the extents of the left and right contact
zones. This is done after the matching procedure by imposing an auxiliary condition and
ensuring that a constant determined by matching is consistent with its definition.

We mention some related work on the interface crack. Gautesen and Dundurs (1987,
1988) have given exact solutions to the integral equations. However, these solutions are
extremely complex and difficult to work with. Subsequently, Gautesen (1992, 1993) has
shown that the gap is the solution to an eigenvalue problem. Also, he has given simple
leading order asymptotic expressions for most quantities of physical interest as well as
representative graphs. We do not repeat these results here. However, our results are, of
course, in agreement with his.

In the next section we obtain the integral equation governing this problem. In section
3, we give the integral equations governing the inner and outer solutions as well as their
solutions. Then to leading order, we determine the unknown constants by matching the
inner and outer solutions. Finally, we determine the extents of the left and right contact
zones. In the last section, we discuss our results.

2. THE INTEGRAL EQUATION

We use the Comninou (1977, 1978) model of the interface crack. In this model the tips
of the cracks are assumed closed (see Fig. 1). If the crack is allowed to be fully open, then
one experiences the contradiction that there is interpenetration of material near the crack
tips (England, 1965; Malyshev and Salganik, 1965). The governing integral equations for
this problem are

1{® B(6d T
ﬁBx(x)-l—;J;a E(E)XCZ_C_" —a<x<b (l)
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where B,(x) and B,(x) are dislocation densities of the glide and climb arrays, and the climb
array is, of course, identically zero in the contact zones:

B(x)=0, —l<x<—a or b<x<l €)

Also, T and S denote the applied tension and shear at infinity, and C and the Dundurs
parameters, « and B, are related to the shear modulus u by

__ 2+ 2p(-9 @
(1=B)e +1) (1= +1)
a:ﬂz(K1+1)_ﬂl(K2+l) (5)
o+ D)+ py (6, +1)
=H2(K1‘1)—ﬂ1(’€2—1) (6)
(i + 1)+ (e +1)°
where k = 3—v for plane strain, with v denoting Poisson’s ratio.
The dislocation densities must also satisfy
1 b
J B (x)dx =0, J B,(x)dx=0 @)
_1 —a

to ensure that the tangential shift vanishes at x = + 1 and that the gap vanishes at
x = b, —a. In addition, the gap must be positive on the open portion of the crack,
—a < x < b, while the normal traction must be compressive in the contact zones,
—l<x< —a or b<x< 1. Dundurs and Comninou (1979) have noted that these
inequalities imply that the climb array must also satisfy

B,(~a) = B,(b) = 0. ®

For convenience, we have taken the length of the crack to be 2. Without loss of
generality, we need only consider the case S > 0 and § > 0 (Comninou and Schmueser,
1979). The mismatch in elastic constants has been assumed to be such that the extent of
the left contact zone is smaller than the extent of the right contact zone.

We solve eqn (2) for B,(x), imposing the auxiliary condition (7). The result is

_ Sx _‘é b 1=\ B, (&)dé
Bx(x)——v—c(l_xz)u2 nJ_a< ) fox

©)

1—x?

Then, upon substitution into eqn (1), we obtain the integral equation governing the climb
array:

1 L(1—E\"B,(O)d¢ -
;fﬂ[l—ﬂ <1—x2> } Fx =F(x), —a<x<b, (10)

where
) pSx an

T C -
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3. ASYMPTOTIC SOLUTION TO THE INTEGRAL EQUATION

The integral equation (10) has been solved in closed form by Gautesen and Dundurs
(1988). However their solution is very complex and difficult to work with. We wish to take
advantage of the fact that the extent § of the left contact zone is very small:

0=1l—-axl. (12)

Dundurs and Gautesen (1988) have solved eqn (10) with a = 1. Their results for the
climb array B,(x) were good provided that 1+x > J, and they obtained an excellent
approximation to the extent of the right contact zone.

Thus it seems natural to extend the integral equation (10) to the larger interval
—1 < x < bin such a way that we preserve the equality. Thus we write

%K}P-chfgm}%g§§=aax —1<x<b, (13)

where
F,(x) = F(x) = C o5 (%) (14)
67 () =0, —a<x<b. (15)

Since B,(x) vanishes in the left contact zone, eqn (13) agrees with eqn (10) on the open
portion of the crack, —a < x < b. We choose ¢, (x) so that the equality in eqn (13) is
preserved for —1 < x < —a. Physically, g, (x) represents the normal traction in the left
contact zone. It should have little effect on the climb array except when x is close to —a.

From Dundurs and Gautesen (1988), we find that the solution to eqn (13), which
satisfies B,(b) = 0, is

) b (1-E)'PF,(9)
H=FBe) = J t,(1—x?)" (¢ —x)

(200, (2.)$, (1) +1,0:(z,)p:(1.))dE (16)

| 20-0 |7 [ 26-8 "
= lA+n(—-x)| t""[(1+b)(1—5)} a7

1425 1 /1
¢,<z)+i¢,~(z)=¢(z)=]1fj : ﬁ1=ﬂlog(1—f§>; a8)

i= (—1)"and ¢,(z) and ¢,(z) are real-valued functions of z. When F, = F, the integral in
eqn (16) can be evaluated in closed form. When F, = —g, /C in eqn (16), the integral is
small except when x is close to —a. To evaluate this integral, we require that 1 +x > 6 and
substitute the identity

1 | (H—f

B 1+x

§—x—_1+xn=o ), O0<1+é<d, d«l+x (19)

The result is
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n=1

(-2 (1—x")'2CB,(x) = Zo¢r(zo){ﬂ1(1+b)gf+vb_1(x-%%b*§)gr+ i 5"GZ(1+x)'”:|

+¢i(z,) [xgi—Zﬁm‘lgr—F Y 5”GL(I+X)“"J, d«14+x<l+b, (20)

n=1
where g, and g, are real constants defined by

g, +ig; = (T+iS)$(vs), @n

and G, and G, are real-valued constants defined by

w(1—$*)'"* (G, +iG,) = ~67" J;a(1—52)”2(1+<f)""1[t51¢r(to)+i¢;(to)]0y_ (Dd¢ (22

s = [2/(1+5)]'"2. (23)

We remark that, with respect to d, G, and G, are O(1), since (1+¢)?a; (£) = O(1) in the
left contact zone.

Thus far, we have an expression (20) for B,(x) valid for x far from the left contact
zone. The procedure for finding the unknown constants G, will be described below. We
now seek an expression for B,(x) valid for x near the left contact zone. To this end, we
extend the integral equation (10) to the region —a < x < 1 by

(= PR

where
Fi(x) = F(x)—=C™ "o (x) (25)
6, (x) =0, —a<x<b (26)

and F(x) is given by eqn (11). Since B,(x) vanishes in the right contact zone, eqn (24) agrees
with eqn (10) on the open portion of the crack, —a < x < b. We choose ¢, (x) such that
the equality in eqn (24) is preserved for b < x < 1. Again we can physically interpret
o} (x) as the normal traction in the right contact zone.

The inverse of eqn (24), satisfying B,(—a) = 0, is

1 eI g ’
r(1—p)B,) = | L) FD) oy b ) +ubad s D)
=) —x)

where

[ 2@t 1 [ 2@t 7
Zi_[(l+a)(1+x)] ’ ti—[(l+a)(1+f)i| (28)

and ¢, and ¢, are given by eqn (18). When F; = Fin eqn (27), the integral can be evaluated
in closed form. When F;, = —o,/ /C, we evaluate the integral by requiring that 1 +x « 1 and
substituting the identity
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1 1 & [1+x
f—x_ 1+£n;0 (1‘*‘6

>, d<l+x«1. 29)

The result is
(1= =) "CB,() = z:,(2) [H,—(l 5kt Y (1 +x)"H;]

+4>,.(z,.)[H,.—(1+x)h,-+i(lﬂ)nlﬂ;} s<l+x«l1, (30)

n=1
where A, and A, are real-valued constants defined by
h+ih; = (— T+iS)P(y.) (3
7. = 2/(1+a)]'?, (32)

and H’,, H., H, and H; are real-valued constants defined by
) 1
n(1—p)'*(H,+iH,) = J (1=E)PA+H [t ¢, (t) +id(t)]o) ()AE  (33)
b

H,+iH, = Hy+iHy+(1—2iB) (7 ', +ih) —36(ys ' h,—2iB1hy). (34

We remark that the constants defined by eqns (33) and (34) are O(1) with respect to §.

It remains to determine the unknown constants and to determine the extents of the
left and right contact zones. We illustrate the procedure by considering only the leading
order terms in the expressions (20) and (30) for B,(x). Thus we take

(1= (1=x)"2CB,(x) ~ 2,¢,(2) [B1 (1 +b)gi+ 75 ' (x—3+3b)g,]

+¢:(z,)[xg,—2B17v5 "9, ), S« 1l+x<14+b (35)
1=BH"*(1-x*)'"*CB,(x) ~ z:,z)H, + p(z)H,, d<1+x«1. (36)

Both solutions are valid on the overlap region
14+x =6y, y=0(@1). 37

Matching eqns (35) and (36) on this overlap region yields
N . 32(14+-b) (1 3. )
Hr_lHi_exp[_lﬂl 10g<5(1_b)>j|{'yb gr<2b_2_2lﬂ1>+gt(ﬂl+bﬂl_l)} (38)

It remains to determine the extent of the left and right contact zones. First, we observe
that the constants H, and H, determined by matching [see eqn (38)] must be consistent with
their definitions in eqns (34) and (33). To leading order we find that

gr ~ —2B17:9:. (39)

From eqn (21) we find that b satisfies
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28, arctanh (y, ') —arctan (28,y,) —arctan (7/S) = 0 (40)
and
g, = [(T*+S*)/(1+4p1yD)]". (41)

There are many values of b for which eqn (39) is satisfied. The value of b obtained
from eqn (40) is the only one for which the normal traction in the right contact zone is
compressive :

(A—x)"6) (x) ~ —(1—p*)"2g,[(x+4p3) sinh (arctan (z,)) + 28, z, cosh (arctan (z,))].
(42)
Unfortunately, we must numerically solve eqn (40) for y,. Then & follows from eqn (23).

To determine the extent of the right contact zone, we impose the auxiliary condition
(7) on B,(x). This leads to

H, =0, H = —g(1+4p}) 43)
1+5b _
(1—a) =32 <1———b> exp [— B1 ' (z+2arctan (26,))]. (44)

Finally, we obtain a uniform expression for B,(x). The matching term can be expressed
as

(1= (1—=x*)"2CB,(x) ~ —(1+4p3)g;sin (B, log[46 ' (1+x)]), 1+x = 0("?).
(45)

Subtracting eqn (45) from the sum of eqns (35) and (36) yields an expression for B,(x)
which is uniformly valid for —a < x < b.

4. DISCUSSION

The general procedure for determining B, (x) is as follows. The sums in the expressions
for the outer solution [eqn (20)] and the inner solution [eqn (30)] are terminated after N
terms. The constants G, G, n=1,2, ..., Nand H,, H,,n =0, 1, ..., N are determined
by matching the inner and outer solutions on the region where (1+x) = O(5"?). The
matching terms have the form

Re <exp [i8, log (1+x)] {Co + i c,(1+x)"+d,0"(1 +x)""}> R (46)

n=1

where ¢, and d, are complex-valued constants.

One relation between a and b is obtained by making the constants H, and H,, deter-
mined by matching, consistent with their definition [eqn (34)]. Next one imposes the
condition f* ,B,(x) dx = 0. This yields the other relation between the constants a and b. A
uniform expression for B,(x) is obtained by adding the inner and outer solutions and
subtracting the matching terms.

We now discuss the convergence of the series in eqns (20) and (30). From eqns (22)
and (33) we easily obtain the following estimates :

SAS 32:3/4-H
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n(1-pH12GL+iG,| < ™' _max  |(1-¢%)""e; ()] (47)

—l<é<—a

n(1=p*)'2 | Hy+if, | < 7' (140) 7" max [(1-8)"Paf (O], n>1  (48)

_ [(1+a)(1+b)}”2. 49)

Al B T

These estimates imply that the series in (20) converges for —a < x < b and that the series
in eqn (30) converges for —a < x < b.
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